Abstract. We consider the exact path sampling of the squared Bessel process and other continuous-time Markov processes, such as the Cox-Ingersoll-Ross model, constant elasticity of variance diffusion model, and confluent hypergeometric diffusions, which can all be obtained from a squared Bessel process by using a change of variable, time and scale transformation, and change of measure. All these diffusions are broadly used in mathematical finance for modeling asset prices, market indices, and interest rates. We show how the probability distributions of a squared Bessel bridge and a squared Bessel process with or without absorption at zero are reduced to randomized gamma distributions. Moreover, for absorbing stochastic processes, we develop a new bridge sampling technique based on conditioning on the first hitting time at the boundary of the state space. Such an approach allows us to simplify simulation schemes. New methods are illustrated with pricing path-dependent options.
Introduction
In this paper we study the exact path simulation of solvable continuous-time stochastic processes with transition probability density functions being obtainable in analytically closed-form. Despite the popularity of various approximation schemes for stochastic differential equations (SDEs), the precise path sampling of continuous-time Markov processes has certain advantages. Sampling from the exact probability distribution allows us to avoid introducing a bias and also to integrate along a path over an arbitrarily long time horizon.
Our main motivation is the Monte Carlo pricing of path-dependent financial derivatives. The no-arbitrage price of a European-style option takes the form of a multidimensional integral along a path of an underlying asset price process. The usual procedure to the evaluation of such an integral is to employ the Monte Carlo method. Pricing of an American-style option reduces to solving a dynamicprogramming problem. Therefore, to apply the Monte Carlo method we have to sample paths from the exact distribution of the asset price process (e.g., see [12] ).
More specifically, we study continuous-time Markov processes that arise from a squared Bessel (SQB) diffusion such as the squared radial Ornstein-Uhlenbeck process also known as the Cox-Ross-Ingersoll (CIR) model, the constant elasticity of variance (CEV) diffusion model (with a power volatility function), and so-called confluent hypergeometric diffusions obtained from the SQB process by means of a special combination of a change of measure and changes of variables (see [4] [5] [6] ). All these stochastic processes are broadly used in mathematical finance. Although for these models many fundamental quantities such as probability distributions of the first-hitting time at a barrier, maximum and minimum values, and pricing formulas for barrier and lookback options can be obtained in closedform, the Monte Carlo method remains an important tool for the verification of analytical formulas and also for pricing Asian-and American-style derivatives.
As is shown in [14] , the transition probability distributions of a squared Bessel process (without absorption at zero) and a squared Bessel bridge relate to the socalled randomized gamma distributions, which are mixture gamma distributions with a random rate parameter [9] . The simulation of an SQB process with absorption at the origin is less studied in the literature. As is shown in [4] , the normalized transition density function of the SQB process is a gamma density which is randomized by a discrete probability distribution generated by a power series expansion of the lower incomplete gamma function. Therefore, to sample an increment of the random process we first simulate the absorption event and then sample from the normalized density function in case of surviving. Since we are able to derive the first-hitting time distribution of the SQB process with absorption at zero, it is possible to implement a completely different approach. First, we sample the first-hitting time, 0 , at the origin. After that, we sample the Bessel bridge with its value at time 0 tied at zero. We show that the simplest realization of such an approach allows us to sample a path of the SQB process by only employing the gamma and Poisson probability distributions.
The paper is organized as follows. Section 2 gives some basis results about the squared Bessel process and the squared Bessel bridge. Section 3 provides different sampling algorithms. In Section 4, we introduce other diffusion processes arising from the SQB process and provide simulation algorithms for them. Section 5 contains some numerical results.
The squared Bessel process and Bessel bridge 2.1 The squared Bessel process
Let us consider a 0 -dimensional squared Bessel (SQB) process .X t / t 0 2 OE0; 1/ obeying the stochastic differential equation (SDE) 1 is called the index of the process. The left-hand boundary l D 0 is entrance if 0, regular if 1 < < 0, or exit if Ä 1. The right-hand boundary r D 1 is natural. The state space of the SQB process, I, is OE0; 1/ or .0; 1/ depending on the value of and the boundary condition at zero [3] . Notice that .X t / is a time-homogeneous Markov process. The transition probability density function (PDF) is given by
where Q D > 1 if x D 0 is entrance or a reflecting (regular) boundary, and 
The first hitting time distribution
In the case when l D 0 is an absorbing boundary ( < 0, Q D j j), the density in (2.2) does not satisfy probability conservation on I. The first hitting time (FHT), 0 , at zero for the SQB process .X t / starting at x 0 is defined by 0 D inf¹t W X t D 0 j X 0 D x 0 º: The PDF q.x 0 I / for the FHT distribution is given by
By using the fact that the transition PDF p satisfies Kolmogorov equations, we simplify the expression in (2.3) to obtain
As a result, we derive a closed-form expression for the FHT PDF:
A simple change of variable reduces the PDF in (2.5) to that of the gamma distribution G.˛;ˇ/ with shape parameter˛D j j and rate parameterˇD 1. Therefore, the FHT 0 can be sampled by using the formula 0 D
2Y
; where Y G.j j; 1/:
The squared Bessel bridge
Let 0 Ä t 1 < t < t 2 . Consider a stochastic bridge generated by a continuous-time Markov process .X t / t 0 2 I with X t 1 and X t 2 tied at x 1 and x 2 , respectively. The bridge PDF b defined by b.t 1 ; t 2 ; tI x 1 ; x 2 ; x/dx D P ¹X t 2 dxjX t 1 D x 1 ; X t 2 D x 2 º can be expressed in terms of the transition PDF p of the process .X t / as follows:
Clearly, the bridge PDF b in (2.6) integrates to unity thanks to the ChapmanKolmogorov equation p.t 2 t 1 I x 1 ; x 2 / D R I p.t t 1 I x 1 ; x/p.t 2 t I x; x 2 /dx. Notice that the bridge density of a Gaussian process may also be derived in closed form by using a conditional multivariate normal distribution.
The PDF of the SQB bridge .
where
Suppose that X t is sampled conditionally on the FHT, T D 0 . If t 0 , then set X t D 0. Otherwise, if t < 0 , we use the Bessel bridge with X 0 and X T D 0 tied at x > 0 and z D 0, respectively. In the limiting case as z ! 0C in (2.7), we obtain
Notice that the PDF in (2.8) has the same form as that in (2.2).
Simulation algorithms
In this section we present several algorithms for the precise path generation of the SQB process .X t /. That is, for every time partition 0 D t 0 < t 1 < < t N , N 1, we sample a path-skeleton X Á .X 0 ; X 1 ; : : : ; X N /, X n Á X t n , from the exact multivariate probability distribution. The algorithms proposed below are all based on sampling from a randomized gamma distribution of the form G.˛CY;ˇ/, where˛C Y > 0 andˇ> 0 are scale and rate parameters, respectively, and Y is a nonnegative integer-valued random variable. As is mentioned above, we assume that D 2, so all algorithms presented below deal with this case. In the general situation when ¤ 2, we proceed as follows. For given 0 ; , X 0 , sample a path of the SQB process with D 2 0 = 2 1 that starts at 2 2 X 0 by using one of algorithms in Figures 1-4 . After that, rescale the path obtained by multiplying its values by 2 2 .
Randomized gamma distributions
Consider a discrete random variable Y with probabilities P ¹Y D nº D p n ; n D 0; 1; 2; : : : : The PDF f of the mixture Gamma distribution G.˛C Y;ˇ/,˛> 0; > 0, admits the form of a series expansion:
Let us consider three choices for the randomizer Y of G.˛CY;ˇ/. The resulting probability distributions are called the randomized gamma distribution of the first, second, and third types, respectively.
Let Y 1 P. / be a Poisson random variable with mean > 0. The randomized gamma distribution of the first type is G.Y 1 C Â C 1;ˇ/, Â > 1;ˇ> 0; with the PDF
A discrete random variable Y 2 is said to have a Bessel probability distribution Bes.Â; b/ with parameters Â > 1 and b > 0 if
; n D 0; 1; 2; : : : :
This distribution is related to many other distributions, where the modified Bessel function I is involved in the density, including the squared Bessel bridge distribution (see [14] for details). The randomized gamma distribution of the second type is a mixture distribution G.Y 1 C 2Y 2 C Â C 1;ˇ/;ˇ> 0; Â > 1; where A discrete random variate Y 3 is said to follow an incomplete Gamma probability distribution, which we simply denote by I.Â; / with parameters > 0 and Â > 0, if
; n D 0; 1; 2; : : : ;
where .a; x/ is the lower incomplete gamma function (see [1] ). Notice that if Â D 0; 1; 2; : : : , then the distribution of Y 3 is a truncated and shifted Poisson distribution thanks to the property
; m D 0; 1; 2; : : : :
We call a mixture Gamma distribution G.Y 3 C 1;ˇ/, Y 3 I.Â; /, the randomized gamma distribution of the third type. The PDF is
Simulation of processes without absorption
The randomized distribution of the first type is closely connected with the transition distribution of a squared Bessel process .X t / without absorption (i.e. 0, or 2 . 1; 0/ and x D 0 is a reflecting boundary). The conditional distribution of X t , t > 0, given X 0 D x 0 > 0, is then a randomized gamma distribution of the first type [9, 14] . The transition PDF in (2.2) with D 2 has the form of the PDF f 1 in (3.1) with Â D ,ˇD 1=.2t /, and D x 0 =.2t /. Therefore, we have the following sampling scheme:
The sampling algorithm is presented in Figure 1 . A path of the standard squared Bessel bridge can be generated by using the second type randomized gamma distribution [14] . The bridge PDF in (2.7) reduces to that in (3.3) by setting a Á x=t 2 , b Á z=.T t/ 2 ,ˇÁ /, and then X t G.Y C 2Z C C 1;
Sequential simulation of processes with absorption
Assume that a stochastic process .X t / t 0 2 OE0; 1/ admits absorption at the origin. For example, for an SQB process we have that < 0 and x D 0 is a killing boundary or exit. Clearly, the transition PDF p given by (2.2) with Q D j j, < 0, does not integrate to one. Let us define the probability P s of surviving before time t and the probability P a of absorption before time t for the process .X t / started at X 0 D x > 0:
Observe that the actual transition probability distribution is then a mixture of continuous and discrete probability distributions with the following generalized PDF:
where ı denotes a delta function. By using (2.5), we obtain the following probabilities of surviving and absorption of the SQB process before time t :
.j j/ and
where .a; x/ and .a; x/ are the lower and upper incomplete gamma functions, respectively. The normalized transition PDF of the SQB process conditioned on the survival of the process before time t is
As is seen, the function in the right-hand side of (3.7) reduces to the form of (3.5) with Â D j j, D x 0 =.2t /, andˇD 1=.2t /. Thus, the above normal-ized transition PDF follows the randomized gamma distribution of the third kind G.Y C 1; 1=.2t //, where Y I.j j; x 0 =.2t //. As a result, we obtain the sampling algorithm given in Figure 2 . The algorithm returns a sample path X and an approximation, Q 0 2 ¹t 1 ; : : : ; t N ; 1º, of the FHT, 0 . 
Bridge simulation of processes with absorption
Consider again the SQB process .X t / with absorption at the origin. Since the first hitting time PDF q.x 0 I / is available, we may first sample the FHT, 0 , and then simulate a path of .X t / conditional on 0 by using the bridge distribution. As is seen from (2.8), the PDF of X t , 0 < t < 0 , conditional on X 0 D x and X 0 D 0 reduces to the PDF f 1 in (3.1) of the randomized gamma distribution of the first type with Â D j j, D
. As a result, we obtain a sequential sampling algorithm conditional on the FHT (see Figure 3) .
At last, in Figure 4 , we provide the full bridge sampling algorithm, where a path X D .X 0 ; X 1 ; : : : ; X N /, N D 2 k , k 1, is sampled at the time points in the following order of generation: 
X n 0 end if end for return .X 0 ; X 1 ; : : : ; X N / and 0 Here, we use the fact that the bridge PDF in (2.7) with Q D j j reduces to that in (3.3) by setting a Á
, and Â D j j. Such a bridge sampling algorithm is very useful for the quasi-Monte Carlo pricing of path-dependent options.
Generating paths of the CIR, CEV, and hypergeometric diffusions 4.1 The CIR process
where constant parameters 0 , 1 , and > 0. where c t Á Ä=.e 1 t 1/ and Q is defined as for the SQB process in Section 2. The CIR process is reduced to an SQB process with the same parameters 0 and by means of scale and time transformation, Y t D e 1 t X s 1 .t/ , where the
t n 2 t n 1 2.t n t n 1 /.t n 2 t n / end if end if end for end for return .X 0 ; X 1 ; : : : ; X N / and 0 monotonic time-transformation function s 1 is defined by
The transition PDF for the CIR process relates to that of the SQB process as follows:
If a reflecting boundary condition is imposed at x D 0, or the origin is entrance, then the CIR diffusion is a conservative stochastic process. The corresponding transition density is given by (4.2) with Q D > 1. The transition distribution of the conservative CIR model reduces to the randomized gamma distribution of the first type. The respective SQB process admits no absorption at zero and can be simulated by the sequential method in Figure 1 .
Consider the case where x D 0 is a killing boundary or exit, so the transition PDF is given by (4.2) with Q D j j, where < 0. The FHT, 0 , at zero for the CIR model is given by
/; where we define s Step 2. Obtain a sample path .X 0 ; X 1 ; : : : ; X N / of the SQB process at times s i , i D 0; 1; : : : ; N , and the FHT,
, (or its approximation Q 0 ) by using one of the algorithms in Figures 1-4 .
Step 3. Set Y i D e 1 t i X i , i D 0; 1; : : : ; N .
Step 4. Set
Step 
The CEV diffusion model
The constant elasticity of variance (CEV) diffusion process .F t / t 0 obeys the stochastic differential equation dF t D rF t dt C ıFˇC 
The density p 0 .t I F 0 ; F / does not integrate (with respect to F ) to unity for t > 0, since F D 0 is an absorbing point.
A drifted CEV process .F
The Monte Carlo simulation of the CEV diffusion is based on the reduction of it to the CIR or SQB process by using the mapping X.F / Á F 2ǐ 2ˇ2 . There are two dual approaches:
(i) First, eliminate the drift and then, by using the mapping X, reduce the driftless CEV process to an SQB process defined by
Sample a path of the SQB process and then obtain a path of the driftless CEV process by applying the mapping F.x/ Á .ı 2ˇ2 x/ 1=2ˇ. After that, restore the drift using the time and scale transformation.
(ii) By using the mapping X, reduce the drifted CEV process to a CIR process defined by Y t D X.F
.r/ t /, with 0 D 2 C 1=ˇ, 1 D 2rˇ, and D 2. The resulting CIR process can be obtained from an SQB process by means of time and scale transformation. Sample a path of the CIR process and then obtain a path of the CEV model by applying the inverse mapping F.
The FHT, 0 , at zero for the CEV diffusion model is given by
Notice that if a reflecting boundary condition is imposed at F D 0 whenˇ< 0:5 (orˇ> 0 and hence F D 0 is entrance), then the CEV diffusion is a conservative stochastic process. By analogy with the CIR model without absorption at zero, the transition distribution of the conservative CEV model reduces to the randomized gamma distribution of the first type, hence the algorithm in Figure 1 is applied.
Diffusion canonical transformation
Several families of analytically solvable diffusions can be derived from known underlying diffusion processes. We refer to this construction as the "diffusion canonical transformation" methodology (see [4] [5] [6] for details).
Let us start with a one-dimensional time-homogeneous regular diffusion .X t / t 0 2 I Á .l; r/, 1 Ä l < r Ä 1, defined by its infinitesimal generator: .G f /.x/ Á 1 2 2 .x/f 00 .x/ C .x/f 0 .x/. The functions and denote, respectively, the (infinitesimal) drift and diffusion coefficients of the process. Consider two linearly independent fundamental solutions ' C s and ' s of the differential equation .G '/.x/ D s'.x/; s 2 C; x 2 I; such that for real values s D > 0 the solutions ' C and ' are respectively increasing and decreasing functions of x (see, e.g., [3] ).
Let us introduce another diffusion .X . / t / t 0 2 I with generator
where a strictly positive function u .x/; > 0, is a linear combination of '˙ :
for the X . / -diffusion is then related to a transition density p X for the X -diffusion as follows: Now we consider an F -diffusion ¹F t Á F.X . / t /; t 0º defined by strictly monotonic real-valued mapping F D F.x/ with F 0 ; F 00 continuous on I and having infinitesimal generator .G F h/.F / Á 1 2 2 .F /h 00 .F / C rF h 0 .F /, where F 2 I F D .min¹F.lC/; F.r /º; max¹F.lC/; F.r /º/, and r is a real constant so that C r > 0.
The transition PDF p F for an F -diffusion .F t / is related to the transition PDF for the underlying X-diffusion as follows:
Here X Á F 1 is the inverse map. F admits the general quotient form:
where c 1 and c 2 are real constants. The diffusion coefficient function is
where we define the Wronskian W .x/ Á u .x/v 0 Cr .x/ u 0 .x/v Cr .x/ : In the next two subsections we present two examples of confluent hypergeometric diffusions. The concluding subsections gives a general simulation algorithm.
The Bessel-K diffusions
Here we specifically consider a 4-parameter Bessel K-family arising from an underlying ( 0 -dimensional) squared Bessel process with a positive index . We use the generating function u .x/ D ' .x/ Á x =2 K 2 p 2 x= and the mapping
where c, ; , and are independently adjustable positive parameters, and r > is a real constant. The functions I and K denote the modified Bessel functions of the first and second kind, respectively. (see [1] for definitions and properties). The function F.x/ (and the respective inverse X.F /) maps x 2 .0; 1/ and F 2 .0; 1/ into one another. The transformation (4.10) hence leads to a family of processes .F t / 2 OE0; 1/ with the diffusion coefficient function
Lemma 4.1 (Campolieti and Makarov, [4, 6] 7) with .x/ D p x, and and p X respectively specified by (4.11) and (2.2).
The density, q.F 0 I /, for the FHT at the origin for a Bessel-K process started at F 0 > 0 is readily derived by using equation (2.4) , giving the generalized inverse Gaussian distribution:
(4.12)
The confluent-U diffusions
The confluent-U family of F -diffusions arises from an underlying CIR process with > 0. Here we specialize to the confluent-U family with generating function u .x/ D ' .x/ Á U. ; C 1; Äx/ and mapping . The confluent hypergeometric functions M and U are two linearly independent solutions to Kummer's differential equation (see [1] for definitions and properties).
The function F.x/ maps x 2 .0; 1/ onto F 2 .0; 1/ and is monotonically increasing. This transformation leads to a family of processes .F t / 2 OE0; 1/ with the diffusion coefficient function Lemma 4.2 (Campolieti and Makarov, [4, 6] .7) with .x/ D p x, and and p X respectively specified by (4.14) and (4.2).
The density for the first-hitting time at the origin, q. 
Simulation of F -diffusions
We generalize the sampling algorithms for an SQB process presented in Figure 3 and Figure 4 . Within that approach a path is sampled conditionally on the FHT at zero. The Bessel-K and confluent-U diffusion models are both absorbing at zero and have the first-hitting time distribution in analytically closed-form. For a sampling algorithm we only need to obtain the distribution of the respective bridge process. In doing so, we use the important observation that the distribution of an F -diffusion bridge is reduced to the distribution of a bridge of the respective underlying diffusion (e.g. the Bessel and CIR bridges).
By applying the analogue of formula (2.7) for an F -diffusion with PDF p F .t I F 0 ; F / in place of the PDF p.tI x; y/, and using the representation (4.7), we have the following expression for the bridge PDF of an F -diffusion with F t 1 and F t 2 tied at F 1 and F 2 respectively: . If follows from (4.16) that an F -diffusion bridge is obtained by applying the mapping function F to the bridge process for the underlying diffusion .X t / with X t 1 and X t 2 tied at X.F 1 / and X.F 2 / respectively. For example, in the particular case of the Bessel-K diffusion when the underlying process .X t / is a squared Bessel process, the F -bridge is just a nonlinear transformation of a standard Bessel bridge.
Our primary goal is to sample a path skeleton .F 0 ; F 1 ; : : : ; F N /, F i Á F t i of an F -diffusion at times t i , i D 0; 1; : : : ; N , 0 D t 0 < t 1 < < t N D T , for a given initial condition F tD0 D F 0 . The simulation scheme based on the bridge distribution is as follows:
Step 1. Sample the FHT, 0 , from the GIG or exponential Tricomi distribution for the Bessel-K or Confluent-U model, respectively.
Step 2. Obtain a sample path .X 0 ; X 1 ; : : : ; X N / of the respective underlying process (the SQB or CIR diffusion) conditional on X 0 D X.F 0 / and X 0 D 0.
Step 3. Apply the respective mapping function F to obtain a sample path of the F -diffusion model:
The main result is that this simulation scheme allows us to avoid a direct sampling from complicated transition probability distributions. Let us present an alternative approach from [5] to computing mathematical expectations of path functionals of the form Q Á EOEf .F 1 ; F 2 ; : : : ; F N /jF 0 for F -diffusion. By using a path integral approach, the expected value of such a path functional can be represented as a multivariate integral:
The integral above may be estimated by the Monte Carlo method. The underlying diffusion is simulated by sampling from the exact transition probability distribution. The resulting unbiased estimator of the path integral Q takes the form:
where the path .X 0 ; X 1 ; : : : ; X N / is sampled by using one of the algorithms from Section 3. Notice that we cannot use the Euler method (or any other approximation method, which does not guarantee the positiveness of the approximation process) since the estimator is infinite if X N D 0. Using large and small argument asymptotics of the Bessel function K and Kummer function U, we obtain that the variance of is finite if < 1. Notice that the use of an exact simulation method allows us to lift this restriction.
5 Simulation study
Simulation of randomizers
The three discrete probability distributions used in the construction of randomized gamma distributions are all log-concave and unimodal as is stated below. Proof. See [8] and [4] for the proof for the Bessel and I distributions.
To generate a Bessel or incomplete gamma random variate, we can use a generic acceptance-rejection (A-R) method from [7] stated below without proof.
Lemma 5.2 (Devroye, [7] ). For any discrete log-concave distributions with mode at m, we have, for all n 0: p n Ä p m min¹1; e 1 p m jn mj º:
As an alternative sampling method we use the inverse CDF method by chopdown search from the mode m (see [13] ). Such a sampling method for a discrete distribution with probabilities ¹p k º k 0 is based on the numerical inversion of the CDF F by the formula F 1 .u/ D arg min¹n 0 j u P n kD0 p k < 0º; u 2 OE0; 1: It is well known that the computational cost of such a method has the lowest possible value if and only if the vector of discrete probabilities is arranged in decreasing order. Instead of the preliminary computation of probabilities followed by sorting of them, we start the search algorithm at the mode m and then successively calculate probabilities of values to the left and to the right of the mode choosing the largest one. The probability p m need only be computed once, and that other probabilities can be obtained by using simple recurrences.
We now present some numerical results comparing the two methods of simulation of P( ), Bes(Â ,b), and I.Â; / random variables. For each of the two methods, one million values are sampled. For simulation of each of the Poisson random variables, the parameter is allowed to vary as a continuous uniform random variable. For the two parameter Bessel and incomplete gamma distributions, the first parameter is allowed to vary as a continuous uniform random variable while the second parameter is held constant. Then the procedure is repeated by allowing the second parameter to vary while the first one is held constant. Results of these tests are given in Table 1 . Table 1 shows that the chop-down search method from the mode is significantly faster than the acceptance-rejection technique for generating random variables in every case and is a much better choice for simulating random variables when it can be implemented. Notice that Walker's alias method does not have advantage in this case, since the distribution parameters vary and the number of mass points is infinite. Note: Time in seconds and average number of iterations for the simulation of 10 6 random variables from the Poisson, Bessel, and incomplete gamma distributions using the acceptance-rejection (A-R) and inverse CDF (ICDF) methods. 
Comparison of sampling schemes for the SQB process
In this section we aim to compare the following three sampling schemes.
1) Sequential sampling conditional on the FHT 0 with the use of the randomized gamma distribution of the first kind.
2) Bridge sampling conditional on the FHT 0 with the use of the randomized gamma distribution of the second kind.
3) Unconditional sequential sampling with the use of the randomized gamma distribution of the third kind.
We start by sampling multiple paths of the SQB process over a discretized partition of a time interval OE0; T ; 0 D t 0 < t 1 < < t N D T; using one of the three methods just mentioned. Then we average these sample paths in order to approximate the mean of the SQB process. To study the sampling algorithms, we compare our sample means to the true mean of the SQB process as well as the time required to simulate a set number of sample paths of the process.
For calculation of the mean of the SQB process, we use the formula
which is valid for < 0, Q D j j, and D 2. The expression is derived by considering the moment generating function of the SQB process at time t and using small asymptotics of the Bessel I function.
To this end, we look at the largest amount by which the sample mean, N t , differs from the true mean, t Á E 0 OEX t , (the maximum absolute error) at times ¹t i º iD0;1;:::;N , given by max i D0;1;:::;N j t i N t i j. We will also examine the largest sample standard deviation of the process, given by max iD0;1;:::;N N t i = p n, where n is the sample size. After simulating one million sample paths for each of the three sample schemes and averaging them, we obtain the data shown in Table 2 . From this data, we can see that sampling scheme 1 is the fastest one. Scheme 2 is much slower than schemes 1 and 3 since it involves sampling from the Bessel distribution. 
Sampling from the GIG and Tricomi exponential distributions
A common approach to sampling from a nonstandard probability distribution is to use an acceptance-rejection method. This approach is employed in [2] and [10] for sampling from the GIG and Tricomi exponential distributions, respectively. If the parameters of a probability distribution remain constant, then a much faster sampling technique is the one that is based on the numerical inversion of a distribution function. To sample from a continuous CDF F by using the inverse transform method, we generate a uniformly distributed on .0; 1/ random variable U and then set X D F 1 .U /, where F 1 the inverse of F . In cases where the inverse of F can not be expressed in closed-form, the inverse transform relies on numerical approximation. A root-finding method such as Newton's method or the bisection method can be applied to solve equation F .X/ D U , U 2 .0; 1/. A faster approach is to compute the CDF on a fine mesh and then approximate the inverse of the CDF by some simpler functions. The simplest method is to use a piece-wise linear interpolation. In [11] a fast and efficient variate generation method is proposed. In that method, the inverse CDF F 1 is approximated by the Hermite interpolation functions. For a given partition l D x 0 < x 1 < < x n D r of the support .l; r/ of a CDF F , the distribution function is computed by either integrating the density function on each subinterval .x k 1 ; x k /, or by employing an ODE solver, since the CDF F solves a simple ODE F 0 .x/ D f .x/, x 2 .l; r/, F .l/ D 0, where f is the respective PDF.
Path-dependent options
This section reviews some discretely-monitored path-dependent options that will be used for pricing options in the following subsection. First, we assume that we have sampled a path of an asset price process .F t / over a discrete time partition, T D ¹t i º iD0;1;:::;N , of the time interval OE0; T ; T > 0. Let the values of process .F t / at time points t D t i be denoted by F i , for all i D 0; 1; : : : ; N .
The payoff function of an Asian-style option depends on the arithmetic average of the underlying asset values:
For an average price call option, the payoff to the option holder at time T is (A N K/ C where K is the strike price and .x/ C Á max.x; 0/. The payoff of the average price put option is
The second type of path-dependent options we will price are lookback options. In this case, the payoff functions depend on the maximum, M N D max iD0;1;:::;N F i , or the minimum, m N D min iD0;1;:::;N F i , values of the underlying asset price attained during the option's life, OE0; T . A standard lookback call gives the right to buy at the lowest price recorded during the options life. Hence, the payoff to the holder at time T is F N m N . A standard lookback put gives the right to sell at the highest price recorded during the options life. Thus, the payoff at time T is M N F N .
Pricing path-dependent options under nonlinear volatility models
In this section we present some numerical results regarding pricing Asian and lookback options under the CEV, Bessel-K and Confluent-U families of diffusions using Monte Carlo algorithms based on generating from randomized Gamma distributions. Specifically, we look at a plain sequential Monte Carlo sampling method (MCM) and a randomized quasi-Monte Carlo method (RQMCM) which uses digital scrambling via a Sobol's sequence for the randomization. For the Bessel-K and Confluent-U models, we also use the weighted method (MCMW) described in Subsection 4.6. One million simulations are completed for each payoff function and are then averaged to get the final option pricing results. For the RQMC method, these 10 6 simulations correspond to 100 randomizations and 10 000 simulations per randomization.
In the tests that follow, we fix the value of the annual local volatility function Table 3 contains option pricing results corresponding to these models. The prices reported are obtained using the RQMC method. Table 4 reports the computational cost of pricing the average price Asian call using the three methods. Table 3 . Pricing path-dependent options under the three models using the RQMC method. The value of the sample standard error is given after the˙sign. Table 4 . Computational cost of pricing the average price Asian call option.
As seen in Table 4 , the RQMC method offers a clear improvement in reductive cost over the plain MC method. The weighted method offers no improvement in cost at all. The extra computational time required for the weighted method is partly due to the computation of special functions in the weight. It could also be attributed to sampling more points in each of the sample paths for a price process .F t /. When conditioning on the FHT 0 and sampling at time t , we check first whether t 0 . If t 0 we do not have to sample from any probability distributions since F t D 0. When using the weighted method we are looking at the case with no absorption so we do not have this benefit. In other words, for every point of the discretized sample path, we must sample from probability distributions which takes up more time.
